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Chapter 5
Integration
5.7. Integrals Resulting in Inverse Trigonometric Functions

Section Exercises
In the following exercises, evaluate each integral in terms of an inverse trigonometric
function.
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In the following exercises, find each indefinite integral, using appropriate substitutions.
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403.  Explain the relationship —cos™t+C =J

costt=-sin"'t?

=sin"t+C. Is it true, in general, that

Answer: cos(%— 9) =sin@. So, sin"'t = %— cos't. They differ by a constant.
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404. Explain the relationship sec*t+C =J =—csc 't+C. Is it true, in general, that

dt
[t|Vt? —1
sec't=—csc't?

Answer: sec(% - 9] =csc . They differ by a constant %

2

405. Explain what is wrong with the following integral: J =
1 V1-t

Answer: +/1—t? is not defined as a real number when t > 1.

1
. . . _ dt
406. Explain what is wrong with the following integral: J —_—
LtV -1

Answer: «/t? —1 is not defined as a real number when |t| <1.

In the following exercises, solve for the antiderivative J' f of fwith C =0, then use a

calculator to graph f and the antiderivative over the given interval [a, b]. Identify a value
of C such that adding C to the antiderivative recovers the definite integral

F(x)=[ f(t)dt

1

407. [T] J dx over [-3, 3]

Answer:

9—x?

F(x) = arcsin (%x)

= NS

The antiderivative is sin™ (%J +C. Taking C =% recovers the definite integral.
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dx over [—6, 6]
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The antiderivative is 3tan™ (g] +C. Taking C = 3arctan(2) recovers the definite integral.
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. sin(6 .
The antiderivative is %tan (5'2 J+C Taking C—% 1( ( )]recovers the definite

2

integral.
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eX
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The antiderivative is tan™ (e*)+C. Taking C = —tan'l(e'e) recovers the definite integral.

In the following exercises, compute the antiderivative using appropriate substitutions.

sin*tdt
J1-t?

AnSwer: l(sin‘lt)2 +C
2
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tan " (2t
413. Jan—()dt

1+ 4t?
1 2
Answer: =(tan (2t
4( an™ ( ))

-1 2
414, J—t @n gt )dt
1+t

2

Answer: %(tan‘l(tz))
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In the following exercises, use a calculator to graph the antiderivative J' f with C =0 over

the given interval [a, b]. Approximate a value of C, if possible, such that adding C to the

antiderivative gives the same value as the definite integral F(x)= _[X f(t)dt.

1
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Answer:
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dx over [2, 6]

The antiderivative is %sec'l(%j +C. Taking C =0 recovers the definite integral over[2, 6].
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418. dx over [0, 6]
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The antiderivative is tan'l(\/;) + C. Taking C =0 recovers the definite integral.

sm X+ XCOS X)

419. [T] f dx over [—6, 6]

Answer:

1+ x%sin’ x

15«
1k
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-6 -4[-2 0 214 6X
-0.5¢

— il

—1.5+

f(x) = arctan (x sin(x))
The general antiderivative is tan™ (xsin x)+C. Taking C = —tan™'(6sin(6)) recovers the
definite integral.

-2X

2e
420. [T] JW

Answer:
y
15+

dx over [0, 2]

1+

051/ f(x) = arcsec (e%)

0 05 1 15 2X
—os!

The general antiderivative is sec™ (ezX ) +C.Taking C = 0 appears to recover the definite
integral.
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421. [T] J;Z over [0, 2]
X+ XxIn®x

Answer:

Y
1t

0.5+4 /

00 05/1 15 2%

I/ f(x) = arctan (In(x))

The general antiderivative is tan™ (In x)+C. Taking C = % =tan "o recovers the definite

integral.
sin™' x
422. [T]J over [-1,1
e over
Answer:

L f(x) = %arcsin (x)?

-1 -05 O o5 @ 1X
-0.2+

~04+

2
The general antiderivative is %sin‘l (x)2 +C. Taking C = % recovers the definite integral.

In the following exercises, compute each integral using appropriate substitutions.

et
423. dt
’1 _ eZt

Answer: sin‘l(e‘)+C



OpenStax Calculus Volume 1

et
424, j s dt
l1+e

Answer: tanfl(et)+C

425, J o av
tv1-—1In’t

Answer: sin (Int)+C

dt
426 Jt(1+ln2t)

Answer: tan” (Int)+C

-1
17 Jcos (2t)
J1-4t?

1
Answer: —E(cos )

408 J e' cos™? e‘)
' N/

Answer: —%(cos‘l(e‘)) +C
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In the following exercises, compute each definite integral.

429. J (Sm t)

1-t?

Answer: 1 In (4)
23

40 J Y2 tan (cos‘1 t) i
. 1/4 Vl_tz

Answer: In2
Y2 sin (tan’lt)
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vz cos(tan‘lt)
432, J — 7 dt

. 1+t
Answer: 1
5
bt
433.  For A>0, compute I(A):j 0 and evaluate lim I (A), the area under the graph of
_A —+ a—oo
1
10 on [—oo, oo].

Answer: 2tan™ (A) > 7 as A— oo

B
434. For 1< B < oo, compute |1(B) =J at

= and evaluate Lim I (B), the area under the
1ttt =1 e

graph of

over [1, ).

1
tyt? -1

Answer: sec*(B)—sec (1) » % asB —» o

435.  Use the substitution u =+/2 cotx and the identity 1+ cot? x = csc?x to evaluate

jd—x. (Hint: Multiply the top and bottom of the integrand by csc’x.))

1+ cos® x
) ) csc? x 2
Answer: Using the hint, one has Jﬁ dx = fLX? dx. Set u=+/2cotx.
Ccsc” X+ cot” x 1+ 2cot” x
) . . 1 du 1 1
Then, du = — v2csc? x and the integral is ——= | —— =-——=tan"u+C
V2 ) 1+u J2

= itan’l (\/Ecot x) +C. If one uses the identity tan™s+tan™ (lj = % then this can also be

J2 s

) 1 [ tan x
written — tan 1(—J+C.

Z"

436. [T] Approximate the points at which the graphs of f(x) =2x’-1 and

32 . : .
g(x)= (1+ 4x2) ¥ intersect, and approximate the area between their graphs accurate to

three decimal places.
Answer: x = +0.763. The left endpoint estimate with N =100 gives the area 1.770 and these
decimals stay the same for N =500
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437. [T] Approximate the points at which the graphs of f(x)=x*-1 and f(x)=x"-1

intersect, and approximate the area between their graphs accurate to three decimal places.
Answer: x ~+1.13525. The left endpoint estimate with N =100 is 2.796 and these decimals
persist for N =500.

438. Use the following graph to prove that J J1-t?dt = % Xv1-x* + %sinl X.
0

\1—X2

X
Answer: The integral represents the area below the graph, which is the sum of the shaded areas.

The triangle has area 1/2 x</1— x?. The area above is the area of a wedge subtended by the angle
with sine equal to x.
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Chapter Review Exercises
True or False. Justify your answer with a proof or a counterexample. Assume all functions
f and g are continuous over their domains.

439. If f(x)>0, ft(x)>0 forall x, then the right-hand rule underestimates the integral

J'b f (x). Use a graph to justify your answer.
Answer: False

440. [ F(x)Pdx =] f(0dx [ (x)ax

Answer: False
441. If f(x)<g(x) forall xe[a, b], then Ib f (x)sj'bg(x).
Answer: True

442.  All continuous functions have an antiderivative.
Answer: True

Evaluate the Riemann sums L, and R, for the following functions over the specified
interval. Compare your answer with the exact answer, when possible, or use a calculator to
determine the answer.

443.  y=3x*-2x+1 over [-1,1]
Answer: L, =5.25, R, =3.25, exact answer: 4

444, y=In(x*+1) over [0, ]
Answer: L, =2.084, R, =3.529, exact answer: 2.782

445. y=x*sinx over [0, 7]
Answer: L, =5.364, R, =5.364, exact answer: 5.870

446.  y=+/x+> over [1,4]
X

Answer: L, =5.989, R, =6.177, exact answer: %+In(4))
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Evaluate the following integrals.

447. Jlll(x3 —2x%+ 4x)dx

ANSwer: —i
3

4
448, j 3 Gt
0

J1+ 6t2
Answer: %(\/9_7—1)

/2
449. L/32sec(26?)tan(26')d9
Answer: 1

z/4 2, .
450, IO e * sin x cos dx

Answer: %(e - JE)

Find the antiderivative.

451, J dx_
(x+4)

Answer: —;2-{-(:
2(x+4)

452. J'xln(xz)dx
2

Answer: X?(In(xz)—l)+c

4 2
453, J X dx

J1-x°

AnSwer: isin‘l(x3)+c
3

er
454, f —dx
l+e

Answer: ltan’l(e“)+C
2
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Find the derivative.

t .
d sin x

455, — dx
dt ) 1+ x°
int
ANSwer: il
J1+t?

456. ifxsx/4—t2dt
dx -1
Answer: 3x?/4—x®

d In(X)(4t+et)dt

457. —
dx !

In x
Answer: 4 —+1
X

d CosX 2
dx 70

cos? x

458.
Answer: —e sin x

The following problems consider the historic average cost per gigabyte of RAM on a
computer.

Year | 5-Year Change ($)

1980 | 0O

1985 | 5,468,750

1990 | —755,495

1995 | 73,005
2000 | —29,768
2005 |-918
2010 | 177

459. If the average cost per gigabyte of RAM in 2010 is $12, find the average cost per
gigabyte of RAM in 1980.
Answer: $6,328,113

460. The average cost per gigabyte of RAM can be approximated by the function
C(t)=8,500,000(0.65) , where t is measured in years since 1980, and C is cost in

USS$. Find the average cost per gigabyte of RAM for 1980 to 2010.
Answer: $657,716

461. Find the average cost of 1GB RAM for 2005 to 2010.
Answer: $73.36



OpenStax Calculus Volume 1 Instructor Answer and Solution Guide

462. The velocity of a bullet from a rifle can be approximated by
v(t) =6400t* — 6505t + 2686, where t is seconds after the shot and v is the velocity

measured in feet per second. This equation only models the velocity for the first half-
second after the shot: 0 <t <0.5. What is the total distance the bullet travels in 0.5 sec?

19117

ANSwer: ft, or 796.5 ft

463. What is the average velocity of the bullet for the first half-second?

9117

Answer: ! ft/sec, or 1593 ft/sec
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