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Chapter 4
Applications of Derivatives
4.2 Linear Approximations and Differentials

Section Exercises

46.  What is the linear approximation for any generic linear functiony =mx+b?
Answer: L(x)=mx+Db

47. Determine the necessary conditions such that the linear approximation function is
constant. Use a graph to prove your result.

Answer: f'(a)=0

48. Explain why the linear approximation becomes less accurate as you increase the distance
between x anda. Use a graph to prove your argument.

Answer: Answers will vary

49.  When is the linear approximation exact?
Answer: The linear approximation exact when y = f (X) is linear or constant.

For the following exercises, find the linear approximation L(x) to y = f(x) near x=a for
the function.

50. f(x)=x+x*, a=0
Answer: L(x)=x

51, f(x)=2, a=2
X

1 1
Answer: L(x)=———(x-2
(%) > 4( )

T

52. f (x) =tanx, a=4

Answer: L(x)=1+ Z(X —%j

53. f(x) =sinx, a:%

Answer: L(x)=1

54, f(x)=xsinx, a=2x
Answer: L(X) =2x(x—-2x)
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55. f(x)=sin’x, a=0
Answer: L(x)=0

For the following exercises, compute the values given within 0.01 by deciding on the
appropriate f (x)and a, and evaluating L(x) = f(a)+ f'(a)(x—a). Check your answer
using a calculator.

56. [T] (2.001)°
Answer: 64.192

57. [T]sin(0.02)
Answer: 0.02

58. [T]cos(0.03)
Answer: 1

59.  [T](15.99)"
Answer: 1.9996875

1
60. [T] E
Answer: 1.02

61.  [T]sin(3.14)
Answer: 0.001593

For the following exercises, determine the appropriate f (x) anda, and evaluate
L(x)= f(a)+ f'(a)(x—a). Calculate the numerical error in the linear approximations
that follow.

62.  [T](2.02)°
Answer: 1.03; error, ~0.0003

63. [T]cos(0.01)
Answer: 1; error, ~0.00005

64.  [T](sin(0.02))°
Answer: 0; error, ~0.0001
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65.  [T](1.01)°
Answer: 0.97; error, ~0.0006

1 10
66. [T] (“Bj

Answer: 2 ; error,~0.6

67. [T]V8.99

1
Answer: 3——— error, ~4.632x10~’
600

For the following exercises, find the differential of the function.

68.  y=3x'+x"-2x+1
Answer: dy = (12x° +2x—2) dx

69. Yy = XCO0S X
Answer: dy = (COSx - xsinx)dx

70. y=+1+x

Answer: dy:( ! de

2Ux+1
X2 +2
71. =
y x-1
2
Answer: dy = X Z2x—2
(x-1)°

For the following exercises, find the differential and evaluate for the given x and dx .

72. y=3x"—-Xx+6, x=2, dx=0.1
Answer: dy =(6x-1)dx, 1.1

73. y=—£—,x=1,dx=025
X+1
1 1
Answer: dy = ————dx, ——
(x+1) 16
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T
74. y=tanx, x=0, dx=—
10

Answer: dy = sec’(x)dx, %

3x%+2
75. y=—— x=0, dx=0.1
X+1
2
Answer: dy=%dx, -0.1
2(x+1)
sin(2x)
76. y = , X=m, dx=0.25
X
2Xxcos(2x)—sin(2x 1
Answer: dy = ( )2 ( )dx, —

X 27

77. y=x3+2x+l, x =1, dx=0.05
X

Answer: dy = [3x2 +2 —izj dx, 0.2
X

For the following exercises, find the change in volume dV or in surface area dA.

78. dV if the sides of a cube change from 10 to 10.1.
Answer: 30

79. dA if the sides of a cube change from x to x + dx.
Answer: 12xdx

80. dAif the radius of a sphere changes from r by dr.
Answer: 8zrdr

81. dV if the radius of a sphere changes from r by dr.
Answer: 4zr*dr

82. dV if a circular cylinder with r =2 changes height from 3 cm to 3.05cm.
Answer: 0.2z cm®

83. dV if a circular cylinder of height 3 changes from r =2to r =1.9cm.
Answer: —1.2z cm®
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For the following exercises, use differentials to estimate the maximum and relative error
when computing the surface area or volume.

84. A spherical golf ball is measured to have a radius of 5mm, with a possible measurement
error of 0.1 mm. What is the possible change in volume?
Answer: 107 mm®

85. A pool has a rectangular base of 10 ft by 20 ft and a depth of 6 ft. What is the change in
volume if you only fill it up to 5.5 ft?
Answer: -100 ft3

86. An ice cream cone has height 4 in. and radius 1 in. If the cone is 0.1 in. thick, what is the
difference between the volume of the cone, including the shell, and the volume of the ice
cream you can fit inside the shell?

4 HP]
Answer: — 7z In
15

For the following exercises, confirm the approximations by using the linear approximation
at x=0.

87. J1-X zl—%x
1

1-x?

89. Jl+xt»e

88. »1
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