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5.2 EXERCISES

In the following exercises, express the limits as integrals.

n
60. ”h*m"",; (¥ )Ax over [1, 3]
N 3
61. nlewi: 1 (5(xx > = 3(x¥ )*)Ax over [0, 2]

n
62. lim_ 21 sin?(2zx )Ax over [0, 1]
=

n

63. lim
n—> oo

i=1

cosz(2nx;“ JAx over [0, 1]

In the following exercises, given L, or R, as indicated,
express their limits as n — co as definite integrals,

identifying the correct intervals.

65. Rn=%zn:%
7l .
66. Ly=2) (1+251)
L0 .
67. Ry=3 ), (3+3%)

68. L,=2E

In the following exercises, evaluate the integrals of the
functions graphed using the formulas for areas of triangles
and circles, and subtracting the areas below the x-axis.

70.
Yi
54
a4

31 _
v—12 + — X2
5l 8x — x

VX — X°

V=72 + 18x — X2

oo 2 4 & 8 10 12X
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V=72 + 18x — x?
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74.
yi
5l
i 2
3l V=72 + 18x — x
G 7
1__-\2x—x
0 'U'é'l'o'fzx
14
24 :
v—12 + —
sl 8x — x
44
75.
yi
44
34
24
1-|x-1
1__
0 'U'é'io'l’zx
14
_2__ ) 5
——12 + 8x —
3l 8x — x
—44

In the following exercises, evaluate the integral using area
formulas.

3
76. f (3 — x)dx
0
3
77. f (3 = x)dx
2
3
78. f (3 — Ixl)dx
-3
6
79. j (3 — Ix — 31)dx
0
2
80. f V4 — xzdx
-2
5
81. f 4 — (x — 3)2dx
1

12
82. [ 36 — (x — 6)2dx
0
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3
83. f (3 — Ix)dx
-2

In the following exercises, use averages of values at the left
(L) and right (R) endpoints to compute the integrals of the
piecewise linear functions with graphs that pass through the
given list of points over the indicated intervals.

84.  {(0, 0), (2, 1), (4, 3), (5, 0), (6, 0), (8, 3)} over
[0, 8]

85.  {(0, 2), (1, 0), (3, 5), (5, 5), (6, 2), (8, 0)} over
[0, 8]

86. {(—4, —4), (-2, 0), (0, =2), (3, 3), (4, 3)} over
[_4’ 4]

87. {(-4, 0), (=2, 2), (0, 0), (1, 2), (3, 2), (4, 0)}
over [—4, 4]

4 2
Suppose that f f(x)dx =135 and f f(x)dx =-3, and
0 0

4 2
/ g(x)dx = -1 and / g(x)dx =2. In the following
0 0

exercises, compute the integrals.

4
88, /O (f(x) + g(0))dx
4
89. /2 (f(x) + g(x))dx
2
90. /0 (f(x) — g(0)dx
4
91. f2 (f(x) — g(x))dx
2
92. 3 -4 d
/0 (3/(x) — 4g(x))dx

4
93. f2 (4F(x) — 3g(x))dx

In the following exercises, use the

A 0 A
/ fo)dx = f Fo)dx + f f(x)dx to compute the
—-A —-A 0

identity

integrals.

/3
94, J %a’t (Hint: sin(—t) = —sin(?))
o+t
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VT
%. [ —L—ar
vzl +cost

In the following exercises, find the net signed area between
f(x) and the x-axis.

3
96. f (2 — x)dx (Hint: Look at the graph of f.)
1

4
97. f (x—- 3)3 dx (Hint: Look at the graph of f.)
2

In the
1

/0 xdx = %, folx2 dx = %, and f01x3 dx = %,

compute the integrals.

following exercises, given that

98. /1(1 +x+x2+x3)dx
0

! B 2.3
99. /0(1 X+ x x)dx
1
2
100. fo(l 02 dx

1
101. f (1 —2x)3dx
0

1

102. J (6x — %xz)dx
0

1

103. 7 = 5x3)dx
[r-s6)

In the following exercises,
theorem.

use the comparison
3
104. Show that / (x2 —6x+ 9)dx > 0.
0
3
105. Show that f (x — 3)(x + 2)dx < 0.
-2
1 1
106. Show that / V1 + x3dx < / V1 + x2dx.
0 0

2 2
107. Show that f VI + xdx < f V1 + x2dx.
1 1
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/2 )
108. Show that / sintdt > % (Hint: sint > 7’ over
0

o)
nl4

109. Show that f costdr > n\2/4.
—rl4

In the following exercises, find the average value f,ye of f
between a and b, and find a point ¢, where f(c) = fave-

110. f)=x%a=-1,b=1
1. fW=xa=-1,b=1

12, f) =V4—x%a=0,b=2
113. f(x)=@—1Ixl),a=-3,b=3
114. f(x) =sinx,a=0,b=2n
115. f(x) =cosx,a=0,b=2n

In the following exercises, approximate the average value
using Riemann sums L1y and Rygg. How does your answer
compare with the exact given answer?

116. [T] y =In(x) over the interval [1, 4]; the exact

In(256) _
3

solution is 1.

117. [T] y= e*"? over the interval [0, 1]; the exact
solution is 2(ve — 1).

118. [T] y =tanx over the interval [0, A ]; the exact

Y
21n(2)

solution is T

119. [T] y=-X*tl1
My=i_e

exact solution is Z.

6

over the interval [—1, 1]; the

In the following exercises, compute the average value using
the left Riemann sums Ly for N = 1, 10, 100. How does

the accuracy compare with the given exact value?

120. [T] y = x2 — 4 over the interval [0, 2]; the exact
8

solution is —%.

3
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2
121. [T] y = xe”

solution is %(e4 - 1).

over the interval [0, 2]; the exact

X

122. [T] y= (%) over the interval [0, 4]; the exact

solution is

15
641n(2)’

123. [T] y=xsin(x2) over the interval [—z, 0]; the

COS(ﬂ'z) -1
exact solution is —=—*——.
2w
2r
124. Suppose that A= / sintdt and
0

2r
B= f cos2tdr. Show that A+ B =2z and A = B.
0

/4 )
125. Suppose  that A=/ sec“tdt =n and
—rl4

/4
B= / tanZtds. Show that A — B = Z.
—nl4 2

24 over [0, 27]

126. Show that the average value of sin
is equal to 1/2 Without further calculation, determine
whether the average value of sin®¢ over [0, #] is also

equal to 1/2.

2¢ over [0, 27]

127. Show that the average value of cos
is equal to 1/2. Without further calculation, determine
whether the average value of cosz(t) over [0, z] is also

equal to 1/2.

128. Explain why the graphs of a quadratic function
(parabola) p(x) and a linear function #(x) can intersect

in at most two points. Suppose that p(a) = £(a) and

b b
p(b) = £(b), and that f p(t)dt > f £(H)dt. Explain
a a

d d
why / p@) > fc Z(t)dt whenever a <c <d <b.
C

129. Suppose that parabola p(x) = ax>+bx+c opens

downward (a < 0) and has a vertex of y = 5—5 > (0. For

B
which interval [A, B] is / (ax2 +bx+ c)dx as large as
A

possible?
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130. Suppose [a, b] can be subdivided into subintervals
a=ap<ay;<da,<--<ay=>b such that either

f>0 over [a;_1,a;] or f<0 over [a;_4, a;]. Set

a:

]
A= / fdt.
aj—1
b
a. Explain why f fOdt=A;+Ay+ - +Ay.
a

b b
b. Then, explain why ‘ / f(dt| < / |f(@)|ds.
a a

131. Suppose f and g are continuous functions such that
d d

f f(dt < f g(t)dt for every subinterval [c, d] of
c Cc

la, b]. Explain why f(x) < g(x) for all values of x.

132. Suppose the average value of f over [a, b] is 1 and
the average value of f over [b, c] is 1 where a < ¢ < b.

Show that the average value of fover [a, c] is also 1.

133. Suppose that [a, b] can be partitioned. taking
a=agy<aj<--<ap=>b such that the average value
of f over each subinterval [a;_ 1, a;] =1 is equal to 1 for
each i = 1,..., N. Explain why the average value of f over

la, b] is also equal to 1.

134. Suppose that for each i such that 1 <i < N one has
NN+
—

i

N
f f(®dt = i. Show that f fdt =
- 0

i—

135. Suppose that for each i such that 1 <i < N one
i
has /

i—

N(N + DN + 1)
z :

f@dt = i%. Show that
1

/O Y ot =

136. [T] Compute the left and right Riemann sums Liq

L R
and Rqg and their average % for f(t) = 1> over
1 _
[0, 1]. Given that / t2dt =0.33, to how many
0

accurate?

L R
decimal places is %
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137. [T] Compute the left and right Riemann sums, L;q
L R
and Ry, and their average w for f(t) = (4 — 12)

2 _
over [1, 2]. Given that f (4—t2)dt= 1.66, to how
1

L R
many decimal places is w accurate?
5
138 1f [ Vi+dar=417133.,  what s
1

5
/ V1 + udu?
1

1
139. Estimate f tdt using the left and right endpoint
0

sums, each with a single rectangle. How does the average
of these left and right endpoint sums compare with the

1
actual value / tdt?
0

1

140. Estimate f tdt by comparison with the area of a
0

single rectangle with height equal to the value of ¢ at the

1

> How does this midpoint estimate compare

midpoint ¢ =

1
with the actual value / tdt?
0

141. From the graph of sin(2zx) shown:

1
a. Explain why / sin(2zt)dt = 0.
0

a+1
b. Explain why, in general, / sin(2zt)dt = 0 for
a

any value of a.

Y
1L

05+

L0 B ' X
—0.5“
—14+

[=]

Chapter 5 | Integration

142. If f is 1-periodic (f(¢t+ 1) = f(2)),
[0, 1], is it

odd, and

integrable over always true that

1
[ f(dt = 0?
0

1
143. If f is l-periodic and [ f()dr=A, s it
0

1+a
necessarily true that / f()dt = A forall A?
a
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